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a multi-level hierarchical memory, where memory is
transferred in blocks between any two adjacent layers of memory (and not only between memory and
disk). Frigo et al. [8] showed that sorting N items reN
quires Θ( N
B logM/B B ) memory transfers while scanning N items can obviously be done in Θ( N
B ) memory
transfers; both bounds match the I/O-bounds in the
I/O-model. We will use the shorthands O(sort(X)) =
X
X
O( X
B logM/B B ) and O(scan(X)) = O( B ).

Abstract
We present a cache-oblivious algorithm for computing
a well-separated pair decomposition of a finite point
set S ⊂ Rd using O(sort(|S|)) memory transfers.
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Preliminaries

Given two point sets A, B ⊂ Rd with bounding hyperrectangles R(A) and R(B) and a real constant s > 0,
we say that A and B are well-separated with respect
to s if there are two disjoint balls B(a,r) and B(b,r)
with radius r ≥ 0 and centers a, b ∈ Rd such that
R(A) ⊂ B(a,r) , R(B) ⊂ B(b,r) and the distance between B(a,r) and B(b,r) is at least sr. We refer to s
as the separation ratio. Callahan and Kosaraju [7]
defined a well-separated pair decomposition (WSPD)
for the point set S with separation ratio s > 0 as a
sequence {{A1 , B1 }, . . . , {Am , Bm }} of pairs of nonempty subsets of S such that
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Cache-Oblivious WSPD

We show that we can efficiently construct a WSPD in
the cache-oblivious model of computation using only
O(sort(|S|)) memory transfers. The algorithm follows
the I/O-efficient approach of Govindarajan et al. [10]:
Observation 2 ([10]) Given a set S of points in Rd
and a real constant s > 0, a WSPD for S with separation ratio s and size O(sd |S|) can be computed in
O(sort(|S|)) I/Os using O(|S|/B) disk blocks.

1. Ai ∩ Bi = ∅ for all i = 1, . . . , m,
2. for each pair {p, q} of distinct points of S, there
is exactly one pair {Ai , Bi } in the sequence, such
that p ∈ Ai and q ∈ Bi or vice versa,
3. Ai and Bi are well-separated with respect to s
for all i = 1, . . . , m.

Most of their algorithm is based on scanning and
sorting or on other techniques which have a cacheoblivious counterpart. However, some parts of their
algorithm use the values of M and B (which are unknown to a cache-oblivious algorithm) or take advantage of data structures with no (direct) cache-oblivious counterpart. In particular, Govindarajan et al.
use two such data structures, namely buffer trees [2]
and topology buffer trees [12]. Replacing them by efficient cache-oblivious computation steps constitutes
a major part of our modifications. We describe our
cache-oblivious method by outlining the I/O-efficient
algorithm along with the necessary modifications.1
In a nutshell, Govindarajan et al. [10] compute a
WSPD for S as follows: They start by constructing a
special binary tree T , called fair split tree of S, whose
nodes are used to represent the pairs of the WSPD
and whose leaves are in a one-to-one correspondence
with the points in S. The idea is to build T recursively. First, a “partial” fair split tree T 0 with leaves
of bounded sizes, i.e., whose leaves correspond to at
α
1
most |S| points for some constant 1 − 2d
≤ α < 1,
is constructed. They then recursively build the split
trees for the leaves, proceeding with the optimal internal memory algorithm for every leaf whose size is at
most M . After the computation of the split tree they

The integer m is called the size of the WSPD.
Observation 1 ([7]) Let S be a set of points in Rd
and let s > 0 be a real number. A WSPD for S with
respect to s having size O(sd |S|) can be computed in
O(|S| log |S| + sd |S|) time.
For the analysis in this paper we use the cacheoblivious model [8], which is a variant of the standard
two-level I/O model introduced by Aggarwal and Vitter [1]. Their model defines N to denote the number
of objects in the problem instance, M  N to denote the number of objects fitting into internal memory, and 2 ≤ B ≤ M/2 to denote the number of objects per disk block. In the cache-oblivious model of
Frigo et al. [8], we also have the parameters N , M ,
and B for the analysis of an algorithm, but in the
design-phase of an algorithm, the parameters of M
and B must not be used. This allows us to model
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the thesis of Gieseke [9] for all details.

Algorithm 1 Construction of a fair split tree.

Algorithm 2 Construction of a partial fair split tree.

Function FairSplitTree(S, R0 )
Require: A point set S ⊂ Rd and a box R0 with S ⊂ R0
Ensure: A fair split tree T of S
1: if |S| = 1 then
2:
Construct a single-node fair split tree.
3: else
4:
T 0 := PartialFairSplitTree(S, R0 ).
(Note: For each leaf S1 , . . . , Sk of T 0 : |Si | ≤ |S|α )
5:
for i = 1 to k do
6:
Ti := FairSplitTree(Si , R̂(Si )).
(Note: R̂(Si ) denotes an outer rectangle, which
is box fulfilling certain properties)
7: return T := T 0 ∪ T1 ∪ · · · ∪ Tk

Function PartialFairSplitTree(S, R0 )
Require: A point set S ⊂ Rd and a box R0 with S ⊂ R0
Ensure: A partial fair split tree T 0 of S whose leaves have
size at most |S|α
1: Compute a compressed pseudo split tree Tc of S, where
every node represents a box.
2: Expand Tc to the pseudo split tree T 00 .
3: Remove every node of T 00 that does not contain any
points of S and compress every path of nodes having
one child into a single edge to obtain T 0 .
4: return T 0

the last step, leaves which do not contain any points
of S are removed and paths consisting of nodes having
one child are compressed to single edges. The resulting tree is the desired partial fair split tree T 0 of S.
Govindarajan et al. first partition every dimension
of the starting hyperrectangle R0 into slabs each conα
taining at most |S| points.
For
l
m each dimension, these

simulate the internal memory algorithm of Callahan
and Kosaraju [7] for constructing the pairs {Ai , Bi }
in external memory using time-forward processing [2].
2.1

Construction of a Fair Split Tree

1−α

slabs are bounded by |S|
+1 axis-parallel hyperplanes, called the slab boundaries. The two extreme
slab boundaries in each dimension are positioned in
such a way that they contain the two sides of the
starting hyperrectangle R0 in this dimension. The
construction of the tree Tc is only based on the information provided by these slab boundaries and proceeds by splitting a hyperrectangle R fulfilling specific
invariants into one or two smaller hyperrectangles fulfilling these invariants as well.
These invariants guarantee that each hyperrectangle side obtained by this splitting process can be
described uniquely using a constant number of slab
boundaries and a constant amount of additional information. As this is also true for the starting hyperrectangle R0 (each of its sides is contained in a slab
boundary), any hyperrectangle that can be obtained
from R0 through a sequence of splits can be described
using a constant number of slab boundaries and a constant amount of extra information. The main idea of
the I/O-efficient algorithm of Govindarajan et al. is
to construct the set of all hyperrectangles that can be
described this way. Callahan [5] calls these hyperrectangles constructible and bounds theirs total number:

To compute T , we invoke FairSplitTree with the
point set S and a centered minimal bounding cube R0
containing S. The structure and the analysis of function FairSplitTree are close to those of the original
I/O-efficient algorithm. However, we do not stop the
recursion at leaves of size M (which are unknown to a
cache-oblivious algorithm). Also, we set the constant
1
, 1), thus effectively slowing down
α to α ∈ [1 − 4d
the recursion. In Lemma 2 it will be shown that the
function PartialFairSplitTree computes a valid
partial fair split tree T 0 of S. Thus, the overall algorithm correctly computes the desired P
split tree T of
k
S performing I(|S|) ≤ c · sort(|S|) + i=1 I(|Si |) =
O(sort(|S|)) memory transfers. The linear bound
for the space consumption follows from the fact that
the function PartialFairSplitTree uses O(|S|/B)
Pk
space and from the fact that i=1 |Si | = |S|.
Lemma 1 Given a set S of points in Rd , function
FairSplitTree (Algorithm 1) computes a fair split
tree of S in O(sort(|S|)) memory transfers using
O(|S|/B) blocks of external memory.
2.2

Construction of a Partial Fair Split Tree

It remains to show that PartialFairSplitTree (Algorithm 2) causes O(sort(|S|)) memory transfers and
uses O(|S|/B) blocks of memory. The framework of
this function is identical to that of the original I/Oefficient algorithm for computing the partial fair split
tree T 0 . In the first step, a binary tree Tc , called compressed pseudo split tree, is computed whose nodes
correspond to boxes, i.e. hyperrectangles R that fulfill
the inequality lmax (R) ≤ 3 · lmin (R), where the latter
notations denote the maximum and minimum length
of R, respectively. In the second step, the tree Tc is
expanded to a tree T 00 , called a pseudo split tree. In

2d(1−α)

Observation 3 ([5, 10]) There are O(|S|
constructible hyperrectangles.

)

Hence, by setting the value for the constant α ∈ [1−
Govindarajan et al. get O(|S|) constructible
hyperrectangles. Note that, due to our minor, yet
crucial modification of the value of α, we can bound
thepnumber of all constructible hyperrectangles by
O( |S|). Ultimately, this will allow us to replace
both the use of buffer trees as well as the use of topology buffer trees by efficient cache-oblivious computation steps. Govindarajan et al. then construct a
1
2d , 1),
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graph Γ with nodes corresponding to the set of constructible hyperrectangles and with an edge set originating from the splitting process mentioned above.
The tree Tc consists of all nodes of Γ that are accessible from R0 along with their outgoing edges. The
two main steps of the I/O-efficient construction of Tc
are (a) building the graph Γ in a preprocessing step
and (b) extracting the tree Tc afterwards.

were discarded during the construction of Tc . As at
most one child is attached to each node of Tc , the
resulting graph, called Tc+ , has size O(|Tc |) as well.
This step can be implemented cache-obliviously in a
straightforward
p manner (see [9] for the details) and
takes O(scan( |S|)) memory transfers.
To distribute the points of S to the proper boxes
and regions, Govindarajan et al. answer so-called
deepest containment queries on Tc+ for all points in
S using a topology buffer tree [12]. The distribution
of all points takes O(sort(|S|)) I/Os.
Instead of using a topology buffer tree, we apply
the following brute-force approach for distributing the
points : Subdivide the space into cells bounded by the
hyperplanes which occur as boundaries for the constructible hyperrectangles. Using the same argument
as for bounding the number of constructible hyper2d(1−α)
rectangles
ensures that there are only O(|S|
)=
p
O( |S|) cells of this type [5, 10]. Furthermore, a list
of these cells can be constructed using p
O(d) nested
scanning and sorting steps using O(sort( |S|)) memory transfers. By sorting the points and the list of hyperplanes with respect to the ith coordinate and by
subsequently scanning both sorted lists, we can label
each point with the pair of adjacent hyperplanes in
this dimension, which determines the slab that contains it. Processing all points and all d dimensions this
way takes O(sort(|S|)) memory transfers and labels
each point with a description of the cell that contains
it. After computing this correspondence between the
points in S and the cells, we compute an appropriate
correspondence between the cells and the hyperrectangles and regions. By construction, each cell is either
contained in a hyperrectangle being a leaf of Tc+ or in
a region R \ C, where (R, C) is a so-called compressed
edge of Tc+ [10]. As the number of cells and the numberpof hyperrectangles and regions are bounded by
O( |S|), this correspondence can be obtained by a
brute-force approach performing O(scan(|S|)) memory transfers. To compute the desired correspondence
between the points in S and the hyperrectangles and
regions, we first sort both lists lexicographically according to the cell entries. By scanning both sorted
lists, we can subsequently augment each point with
a representation of the hyperrectangle rather or region which contains the point. Both steps can be
performed in O(sort(|S|)) memory transfers.
Finally, in the third phase, Govindarajan et al. replace every compressed edge by a sequence of splits
which results in the desired tree T 00 . They prove that
the resulting tree T 00 has size O(|S|). As all techniques
in this step are only based on scanning and sorting,
the expansion of all edges can be performed cacheobliviously using O(sort(|S|)) memory transfers.

Step 1a: Building Γ Constructing the slab boundaries is based on sorting and scanning, and a cacheoblivious implementation uses O(d · sort(|S|)) =
O(sort(|S|)) memory transfers. The vertex set of Γ,
i.e. the set of all constructible hyperrectangles, can
be constructed based on the information given by the
slab boundaries. Govindarajan et al. do this by performing O(d) nested scans using O(scan(|Γ|)) I/Os
each. They then use buffer trees [2] over the appropriate list of slab boundaries and answer I/O-efficient
search queries on the constructed trees to augment
every vertex R with a description of the largest hyperrectangle R0 contained in R and bounded by slab
boundaries as well as with a description of the slab
boundary that comes closest to the “middle” of R
in each dimension. They use this information to construct the edge set of Γ by a single scan of Γ’s vertices.
Thus, the construction of Γ uses O(sort(|S|)) I/Os.
The vertex set of Γ can be constructed in a cacheoblivious manner using O(d) nested scans as well. Instead of using buffer trees, we apply a brute-force approach for augmenting the nodes of Γ with the appropriate information. This approach simply scans
the (sorted) list of slab boundaries in the i-th dimension to find the appropriate slab boundaries in each
dimension. Due to our choice of α, each vertex of Γ
can be processed this way using
pan overall number of
1−α
transO(d · scan(|S|
)) = O(scan( |S|)) memory
p
fers. Thus, the overall process for all O( |S|) vertices
of Γ requires O(scan(|S|)) memory transfers.
The final step, to construct the edge set of Γ, can be
done analogously by a single scan over
pthe vertex set
of Γ taking O(scan(|Γ|)) = O(scan( |S|)) memory
transfers. This completes the construction of Γ.
Step 1b: Extracting Tc from Γ The I/O-efficient
extraction of Tc from Γ can be implemented using time-forward processing and topological sorting.
These steps can be performed efficiently in the cacheoblivious model [3, 4], and thus the extraction of Tc
can be done the same way by spending O(sort(|Γ|))
memory transfers.
With our choice of α, this step
p
takes O(sort( |S|)) memory transfers.
Step 2: Constructing T00 Given the compressed
pseudo split tree Tc for S, Govindarajan et al. construct the pseudo split tree T 00 in three phases: In
the first phase, they attach some leaves to Tc which

Step 3: Construction of T0 Given the pseudo split
tree T 00 of S, Govindarajan et al. apply time-forward
3

processing to remove every box R with R∩S = ∅ from
T 00 and to compress all paths consisting of nodes having one child to a single edge in the resulting tree.
The overall process is only based on scanning, sorting and time-forward processing and can therefore be
implemented efficiently in the cache-oblivious model
using O(sort(|S|)) memory transfers. The obtained
tree is the desired fair split tree of S. As the bound
for the space consumption follows from the layout of
the algorithm, this completes the proof of the following lemma and, hence, also the proof of Lemma 1:

Corollary 5 Given a point set S ⊂ Rd and some
constant t > 1, we can compute a t-spanner G =
(S, E) of linear size and diameter at most 2 log |S|
using O(sort(|S|)) memory transfers.
In combination with our previous results for I/Oefficiently pruning dense spanners [11] we can prove:
Lemma 6 ([9, Theorem 6.4.8]) Given a geometric graph G = (S, E) which is a t-spanner for S for
some constant t > 1 and given a constant ε > 0, we
can compute a (1 + ε)-spanner G0 = (S, E 0 ) of G with
E 0 ⊆ E and |E 0 | ∈ O(|S|) using O(sort(|E|)) memory
transfers.

Lemma 2 Given a set S of points in Rd and a con1
, 1), function PartialFairSplitstant α ∈ [1 − 4d
Tree (Algorithm 2) computes a partial fair split
tree T 0 of S in O(sort(|S|)) memory transfers using
O(|S|/B) blocks of external memory. Each leaf of T 0
α
represents a subset of S with at most |S| points.
2.3
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Once a fair split tree for the point set S is computed,
Govindarajan et al. simulate the internal memory algorithm for constructing the pairs {Ai , Bi } of the
designated WSPD in external memory by applying
the time-forward processing technique performing an
overall number of O(sort(|S|)) I/Os. Besides timeforward processing, the I/O-efficient algorithm is only
based on scanning and sorting. Thus, the complete
procedure can be implemented in a cache-oblivious
manner in O(sort(|S|)) memory transfers as well.
Theorem 3 Given a set S of points in Rd and a real
constant s > 0, a well-separated pair decomposition
for S with separation ratio s having size O(sd |S|) can
be computed in O(sort(|S|)) memory transfers using
linear space.
3

Applications

Constructing t-spanners with a linear number of edges
can be performed easily in a cache-oblivious manner
using the WSPD. Given a set S of points in Rd and a
real constant t > 1, construct a WSPD for S with sept+1
aration ratio 4 t−1
having size O(|S|) and add, for each
pair {Ai , Bi } of the WSPD, exactly one (arbitrary)
pair {x, y} of points with x ∈ Ai and y ∈ Bi to an initially empty edge set E. Callahan and Kosaraju [6]
proved that the resulting graph G = (S, E) is a tspanner for S with a linear number of edges.
Corollary 4 Given a point set S ⊂ Rd and some constant t > 1, we can compute a t-spanner G = (S, E)
of linear size using O(sort(|S|)) memory transfers.
Using Theorem 3, it is straightforward to restate
[10, Theorem 4] in a cache-oblivious version:
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